We studied 2D Ising model on a square lattice, with the energy of a configuration σ given by the Hamiltonian (σ) = − ∑ σ i σ j − ∑ ℎ < > σ j
Where i, j specify the index of the lattice site, Jij is the interaction term (restricted to nearest neighbors), σ = ±1 corresponding to two distinct spin states, is the magnetic moment, and h is the external magnetic field. Here, we set Jij = 1 , = 0.67 and run simulations to determine the phase diagram (as a function of field and temperature) on a lattice of N×N sites, where N = 25. We generated the field-temperature phase diagram for the 2D Ising system, as shown in S1, with 500 Monte-Carlo moves (Metropolis Algorithm) for initial equilibration of the system, and 500 more moves for calculation of the parameters. The calculated values of energy, magnetization, specific heat and susceptibility are plotted below in S1.1. To simulate the relaxation curves, we began with the configuration of the system at a particular temperature, for a field of H = 0.08 (taken from the above results), and applied an external field in the opposing direction, with 500 Monte-Carlo moves used to calculate magnetization relaxation curves. These were repeated 20 times for each applied field and temperature for statistics. The k-means clustering algorithm was used on this dataset of relaxation curves. Briefly, descending order, which is proposed to use them as a graphical method to decide on the significant components. The first 6 components are sufficient to reconstruct the major matrix.
Functional Fitting
To observe whether one can indeed determine the phase transition using the traditional functional fitting approach, all 9600 curves generated by the temperature-dependent measurements, were fitted to a KWW model of the form
Where x and y are the coordinates of the pixel, V is the DC voltage applied just prior to piezoresponse measurement, t is the time after the end of DC pulse applying, and T is the temperature setups from 30⁰С to 100⁰С in this case. A0, R0, , and are 4 parameters for the Kolraush-William-Watts (KWW) function. Here the last DC pulse (18V) induced corresponding piezoresponse relaxation signal is selected as a representative to exhibit the details. Figure S4a shows the histogram of fitted at 8 temperatures. When the temperature is 70⁰С or lower, the histogram of is fitted to Gaussian distribution, but the variance in the data increases substantially as the temperature is increased, i.e. from 80⁰С onwards. The new distribution can be deconvoluted into two Gaussians, with one peak remaining at the position of that which is observed at lower T, and the second peak at larger value providing evidence of nucleation of a new phase that has slightly larger relaxation time ~75ms. We note here that the value exhibits large dispersion when the temperature is higher than 90⁰С. The mean values of at different temperatures are calculated and showed in Fig S4b. The mean values increase at 80⁰С and 90⁰С, and the error bars of standard deviation are added showing the distribution of at high temperatures are much broader than that at lower temperature. When temperature is increased, the material changes to a different phase, which has longer relaxation time reflecting by the larger fitting parameter i.e. . The plots in fig. S4a and S4b suggest that determination of the phase transition will be difficult using the traditional functional fitting approach.
Elastic softening
The advantage of band-excitation measurement is that there are additional observables in our experiment -amplitude, phase, frequency and quality factor. We note that most perovskite ferroelectric materials are also ferroelastic, and the primary order parameter of ferroelectric materials (polarization), is coupled with the lattice distortion or spontaneous strain (37).
Consequently, ferroelectric transitions are usually accompanied with crystal structure changes or spontaneous strain changes, which leads to the softening of elastic modulus at transition temperatures (38). In addition, many prior works have suggested that the resonance frequency in piezoresponse force microscopy can provide evidence of the modulus variation in ferroelectrics as the resonance frequency is proportional to the elastic modulus of the material in contact resonance theory (39). Since our band excitation data automatically acquires this channel of information, here we calculate the mean value of the resonance frequency data. Thus from the statistical plot in fig. S4c , we can observe that a frequency decrease before the new phase nucleation at 80⁰С showing the modulus softening with temperature increasing before the MB-MC phase transition point. After this temperature, the resonance frequency remains flat, indicating absence of other structural transitions (40). We conclude that while it is possible to infer the presence of the phase transition using this method, the small variations observed in experiment and large dispersions in measured values make accurate determinations difficult. 
